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A mathematical model of particle retention in the
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ABSTRACT Knowledge of the total and regional lung retention of particles inhaled continuously by
man over long periods can be useful in understanding the potential role of inhaled particles in the
pathogenesis of lung diseases. Owing to practical and ethical considerations, however, little or no
experimental information exists. A mathematical model of particle retention simulating envi-
ronmental and occupational exposures has therefore been developed that takes into account

particle deposition, tracheobronchial clearance, and two phases of alveolar clearance in the Weibel
A anatomical lung model. The derived equations of retention kinetics predict retention of particles
as a function of exposure time. For a continuous exposure (simulating environmental conditions)
to 4 [tm particles, the model predicts that retained particles approach an equilibrium between
deposited and cleared particles with the 95% level being reached in 293 days. For an intermittent
exposure (simulating occupational conditions) equilibrium is approached in five years. The whole
lung burden of particles is predicted to be 9% of the total mass that entered the lung after a one-

year environmental exposure and 1.5% after a 25-year occupational exposure. The equilibrium
surface concentration and integrated dose of particles per airway generation predict enhanced risk
to the pathogenic effects of inhaled particles in the large airways and respiratory bronchioles.

Continuous exposures of the human lung to toxic
particles from environmental and occupational
sources have been implicated in the pathogenesis of
many lung diseases. The focal nature ofsome of these
diseases may be related to regional variations of
particle exposure in the lung.

Experimental human studies of the long-term
retention of particles inhaled continuously are dif-
ficult to conduct because of practical as well as safety
considerations for volunteers. Cohen,' Cohen et al,2
and Kalliomaki et aP have measured the long-term
retention of magnetite in the whole lung of occupa-
tional workers by magnetic techniques. The
dynamics of regional accumulation of particles,
however, cannot be measured.
An alternative to human investigation has been the

use of mathematical models of deposition and clear-
ance,"'3 but these predict only the distribution of
particles immediately after a single breath. Brain and
This project was supported by Oak Ridge National Laboratory Basic
Agreement No 7762 and National Institutes of Health Grant No
13824 awarded by the National Heart, Lung and Blood Institute,
and the Medical Research Service of the Veterans Administration.

Received 4 January 1982
Accepted 24 March 1982

Valberg'4 developed a mathematical model of reten-
tion of continuously inhaled particles using the ICRP
task force odel of the lung.'5 In this model the lung
was divided into four regions with the ciliated airways
and alveoli each comprising one large compartment.

In this paper we present a mathematical model of
the regional retention of continuously inhaled par-
ticles in the 23 generations of the Weibel A model of
the human lung'6 and integrate into it available
experimental data. It takes into account the simulta-
neous processes of deposition and clearance in each
airway generation. Deposition fractions are cal-
culated using the mechanisms of inertial impaction,
gravitational sedimentation, and Brownian diffu-
sion. Tracheobronchial clearance from each airway
generation is modelled after a technique developed
by Lee et al. 17 Alveolar clearance is represented as a
two-component exponential with short-term and
long-term components. The processes of deposition
and clearance are joined together by viewing deposi-
tion as a particle "source" in a set of differential
equations governing particle clearance."'

Results for the accumulation of particles as a
function of time of exposure, regional surface con-
centration of particles, and integrated dose are
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shown, as well as the quantitative differences be-
tween continuous and intermittent exposures. The
effects of particle size, breathing pattern, and vari-
ations in lung morphology are also considered.

Model formulation

The determination of the number of particles present
in any airway generation, a, at any time, t, after the
onset of exposure, is conceptually straightforward.
The net rate of change of particle number in airway
generation a (designated Rret) is the difference
between the rate at which particles enter the genera-

tion and the rate at which they leave. This can be
represented symbolically as

R = Ra Rout (1)

Ran depends on the distribution of particles distal to
a, the transport rates of particles in generations distal
to a, and the time after the onset of exposure. It also
depends on the rates at which particles are deposited
in generation a from the external environment. Rout
depends on the transport rate of particles within a

and the time after onset of exposure.
The number of particles in any airway generation

(Na (t)) at any time after onset of exposure is
obtained by integration of Rnet in analogy with the
relationship between airflow and volume. The total
number of particles present in the lungs (Nt't (t)) is
the sum of all Na (t).
The retention kinetics of continuously inhaled

particles may be determined by breaking the formu-
lation into three parts as shown in fig 1. Pathway "a"
refers to particles deposited in the tracheobronchial
tree and cleared by mucociliary clearance. Pathway
"b" refers to particles deposited in the alveoli and
transported to the ciliated airways. Particles depos-
ited in the alveoli and cleared by the slow phase
follow pathway "c."

Stomach

at tb

Ciliated
airway

b

Alve ol c Blood lymph

Fig 1 Pathways of particle clearance considered in
retention model. Pathway "a" refers to particles deposited
on mucus blanket and removed by mucociliary
clearance. Pathway "b" refers to particles deposited in
alveoli and transported by fast phase of alveolar
clearance to mucociliary escalator. Pathway "c" refers to
particles deposited in alveoli and removed by slow
phase of alveolar clearance to blood and lymphatic
systems.

Gerrity, Garrard, and Yeates

The formulation of a mathematical model of
particle retention in the human lung thus requires a
set of basic assumptions concerning lung mor-
phology, rates of particle transport in the airways,
and alveolar clearance.
For morphological data the Weibel A model of the

lung16 is used in which the lung is pictured as a
symmetric, dichotomously branching system of air-
way generations. The generations are labelled from 0
(the trachea) to 23 (the terminal alveolar sacs) with
the ciliated airways extending to generation 15 (the
terminal bronchioles).

Particle transport rates in each generation of the
ciliated airways are calculated by assuming a uni-
formly deep mucus blanket with no net secretion or
absorption of mucus within an airway generation
with the exception of the distal airways where the
mucus is assumed to be supplied. The transport rate
of particles (va) in any airway generation (a) is then
related to the transport rate in the trachea (vo) by the
relation va = vod/2ada where da is the diameter of an
airway in generation a. It must be emphasised that
this is not a model of mucus transport. The aforemen-
tioned equation is only a means of expressing particle
transport rates. Mucociliary transport of particles is
the only mechanism of tracheobronchial clearance
considered here. Clearance of particles through the
tracheobronchial epithelium is not taken into ac-
count and is assumed to represent a small fraction of
the total amount of particulate cleared.

Alveolar clearance is represented by a two-compo-
nent exponential with a rapid component (possibly
due to clearance by macrophages'" and free particle
transport) and a slow component due to mechanisms
such as dissolution.'9 20 In this paper the case of
retention of moderately retained particles as defined
by the ICRP task force'5 is considered. The clearance
half-time of the rapid phase is set equal to 24 hours,
and the slow phase is set equal to 68 days.'8 In
addition, particles cleared by the rapid phase are
assumed to be transported from each alveolated
generation directly to the mucociliary escalator.
Particles cleared by other mechanisms are assumed
to be eliminated from the alveoli and transported to
other organs of the body. Forty per cent of the
particles deposited in the alveoli are assumed to clear
by rapid processes and the remaining 60% by slower
processes. 15 The fractional deposition per airway
generation is computed using the calculations of
Gerrity et al,2' which use the mechanisms of inertial
impaction, gravitational sedimentation, and
Brownian diffusion.9 Deposition is calculated for a
complete respiration cycle including a pause between
each phase. Discussion of the validity and limitations
of these assumptions is reserved until the last section.
Some qualitative observations may be made from
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A mathematical model ofparticle retention in the air-spaces ofhuman lungs

the structure of the model in equation (eq) 1. At the
onset of exposure the number of particles present in
the lungs is zero. After the beginning of exposure, the
number of particles in the lungs increases since the
rate of particle deposition exceeds the rate of re-
moval by clearance mechanisms. As the exposure
continues and the number of particles in the lungs
increases, the rate of particle removal naturally
increases. Provided that the mechanisms of removal
are not affected by the number of particles, the rate
of removal will eventually equal the rate of deposi-
tion. When this happens the net rate of change of
particle number equals zero and the particle number
within the lungs reaches a constant. Similarly, the
particle number in each airway generation reaches a
constant level. Hereafter these constant retention
levels will be referred to as "equilibrium" levels and
designated as Ntot and N. .

Several phenomena may be estimated by this
approach to retention kinetics. Computation of
Ntt eq for different particle sizes and atmospheric
particulate concentrations can give estimates of total
lung burdens of inhaled particles. The time taken to
reach 95% of Ntot.eq can provide an estimate of the
time it takes an individual's lungs to accumulate its
maximum lung burden. The surface concentration of
retained particles on air-space lumen may be impor-
tant when considering health effects of inhaled
particles. The surface concentrations within each
generation are easily computed by dividing particle
number by luminal surface area (as computed from
the Weibel A dimensions). Of particular interest is
the surface concentration at equilibrium designated
as C,q. The number of particles per unit surface area
that passes over the tissue after a time t may also have
a bearing on health effects, and this may be computed
from the surface concentration by a further integra-
tion over time. This quantity is called the "integrated
particle dose" and is designated as D. (t). The longer
the time after the onset of exposure, the higher the
integrated dose will be. By the time particle number
approaches equilibrium, the integrated dose per
generation is increasing linearly with time.
The mathematical derivations of all the aforemen-

tioned quantities are presented in the appendix. The
interested reader may want to study these, though it
is not necessary for a general understanding of this
paper.

Application of the model

The model is first applied to the continuous inhala-
tion of a 4 ,um aerodynamic diameter aerosol with a
tidal volume of 700 cm3 and a frequency of 25 breaths
a minute (minute volume of 17-5 1). The breathing is
assumed to follow a square wave pattern. The rate of

transport of particles in the trachea (v0) is set equal to
5-5 mm/min, in agreement with previous models'7
and experimental studies.22-24 The retention half
times for the fast and slow components of alveolar
clearance are given the values of 24 hours and 68 days
respectively. Retention is calculated as a fraction of
the particles deposited in a single respiration cycle
and is thus expressed as retained mass/inhaled single
breath mass.

Figure 2 shows the accumulation of particles as a
function of time (Ntot (t)) during the first 120 hours
of a continuous exposure. Because of the rapid
clearance of the ciliated airways, retention in these
airways approaches an equilibrium condition
whereas retention in the alveolar regions continues to
increase almost linearly. At 103 hours, the ciliated
airways reach 95% of their equilibrium retention
value of 5-8 x 103.

Figure 3 shows the accumulation of particles in the
whole lung model over a period of 240 days. Here it
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Fig 2 Accumulation of particles in lung during first 120
hours of a continuous exposure. Horizontal line
represents equilibrium retention of particles in ciliated
airways.
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Fig 3 Accumulation of particles in lung during first 240
days of a continuous exposure. Horizontal line
represents equilibrium retention of particles in whole lung.
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can be seen that Nt°" (t) approaches a condition of
equilibrium. The time required for Ntot (t) to reach
95% of the equilibrium value (Ntot,eq) of 5-9 x 105 is
293 days.
The equilibrium retention value of 5.9 x 105 is

important in that it gives a predicted measure of
retained mass for a long-term continuous exposure.
If a 100 tg/m3 concentration of particles enters the
trachea the equilibrium retention predicted by the
model equals 41 mg. If no clearance had taken place
the total mass of particles retained in the lung after
one year would have equalled 454 mg and would be
linearly increasing.
So far, only continuous exposure has been con-

sidered, but occupational workers are exposed to
particles on an intermittent basis. The model is
readily adapted to allow for weekends and periods of
eight hours of continuous exposure followed by
periods of 16 hours of clearance without deposition.
In these circumstances retention increases much
more slowly than in the continuous case (fig 4), and
equilibrium is achieved in about five years.
The equilibrium surface concentration (C,q) and

integrated dose (Da (t)) per airway generation at 293
days have been calculated using eq 11A. Surface
concentration is shown in fig 5 and integrated dose in
fig 6. Calculations have been included for two other
combinations of particle size and breathing pattern:
10 [tm particles inhaled with a tidal volume of 1000
cm3 and a frequency of 30 breaths a minute (minute
volume of 30 I/min); and 0-5 ,tm particles inhaled
with a tidal volume of 400 cm3 and a frequency of 15
breaths a minute (minute volume of 6 1/min). Breath
pauses are not included in any of the cases. These
choices produce a wide range of single breath deposi-
tion patterns within the lungs. The results are
normalised to the particle number in the tidal volume
of the 0*5 ,tm case. Both surface concentration and
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integrated dose follow similar patterns with the
highest concentrations and doses occurring at gen-
eration 16 (the respiratory bronchioles). The surface
concentration and integrated dose for the 10 ,um
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Fig 5 Surface concentrations of particles in each
airway generation at equilibrium for a 0.5 lim, 4.0 um,
and 10-0 pm aerosol. See text for details of breathing
pattern.

107-t
A
AA

106.
0

'a

-g

0 2 4 6 8 10 12 14 16 18 20
T (days)

Fig 4 Accumulation of particles in lung during first
22 days of an intermittent (occupational) exposure.
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Fig 6 Integrated doses of particles in each airway
generation at 293 days for a 0.5 Mm, 4 0 Mm, and 10 0
Mm aerosol. See text for details of breathing pattern.
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A mathematical model ofparticle retention in the air-spaces ofhuman lungs

particles is highly peaked at the trachea and falls off
nearly two orders of magnitude toward the terminal
bronchioles. On the other hand, the surface con-
centration and integrated dose of the 0-5 Rm
particles is a relatively flat distribution throughout
the ciliated airways. The distribution of surface
concentration and integrated dose for the 4 ,um
particles is intermediate between the others in the
large airways but is greatest in the small airways. The
apparent discontinuity between retention in the
ciliated airways and alveoli is an effect of the differing
time scales over which clearance takes place in these
two regions as well as the symmetric nature of the
Weibel A lung model. This has been noted in other
dosimetric models.'4 The equilibrium surface con-
centration is illustrated since it represents the
endpoint of an exposure, and the dose at 293 days is
shown because 95% of equilibrium is attained at this
time for the 4 ,um exposure. The one important
distinction that should be made between these two
figures is that, since according to eqs 18A-20A the
dose increases proportional to the equilibrium
concentration, regions of highest equilibrium con-
centration will receive relatively higher doses as time
increases.

Particle size and breathing pattern are extrinsic
quantities that can be specified when making esti-
mates of particle uptake. The lengths and diameters
of airways in the lungs cannot be defined with such
confidence. The Weibel model is used as an approxi-
mation to the average human lungs. The effect of
deviations of airway geometry away from this aver-
age is investigated by allowing the diameters and
lengths of airways to vary by an amount Ad and Al
respectively. Figure 7 shows total lung equilibrium
retention as a function of fractional linear dimension
changes assuming that A/d/d = Al/l Ax/x for the
4 rim case. The peak retention occurs when the linear

dimensions of the conducting airways are 10%
smaller than those given in the Weibel model. In the
case of larger dimensions fewer particles are depos-
ited in each breath, whereas in the case of smaller
dimensions more and more of the particles are
deposited on the ciliated airways from which they can
clear faster than from alveoli. Figure 8 shows the
range of surface concentrations at equilibrium pre-
dicted for variations of ±30% of conducting airway
dimensions away from the Weibel dimensions.
Although the smaller dimensions dictate higher
deposition in large airways and lower equilibrium
retention, the smaller surface area on which the
particles deposit results in high surface concentra-
tions in the conducting airways.

Discussion and conclusions

Every day the human lung is exposed to a wide
variety of particulate insults as a consequence of
environmental air pollution. The resulting pathologi-
cal response of the lung can range over a broad range
of disease from pneumoconioses to chronic airways
obstruction. These responses are related to the
physicochemical nature of the particles and the
distribution of particles in the lung.

In this paper a new model of long-term accumula-
tion and retention of continuously inhaled particles
has been proposed, which gives detailed information
on the relative surface concentration and time in-
tegrated dose in each of the 23 generations of the
Weibel model.'9
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Fig 7 Equilibrium particle retention versus fractional
change in linear dimensions of airways.
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Fig 8 Equilibrium surface concentrations of inhaled
particles for ±30% changes in linear dimensions of
airways.
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The derivation and application of the model has
required the use of some assumptions. Errors in the
morphology, deposition, and clearance assumptions
are likely to induce quantitative differences in the
results, though many qualitative aspects should re-
main the same.
The choice of the Weibel lung model facilitates the

deposition calculations. A previous publication of
this group2' showed that reasonable agreement be-
tween the deposition calculations and experimental
values for total lung deposition could be obtained
with the Weibel model. Recent data on alveolar
deposition of radiolabelled ferric oxide particles25
show the regional validity of the calculations (fig 9).
The primary disadvantage of the Weibel model is its
inherent anatomical inaccuracy due to its symmetry.
Variations of ±30% in linear airway dimensions are
seen in fig 8 to produce two to threefold changes in
equilibrium surface concentration. This variability is
less, though, than the variability potentially induced
by different particle sizes and breathing patterns.
The equations governing retention in the ciliated

airways are approximate in nature. They represent
the kinetics of retention as an average over each
airway generation. Lobar variations in tracheo-
bronchial clearance cannot be predicted. The use of
transport rates that vary inversely with airway gen-

eration circumference has been tested with some

success.'7 23 The model predicts a 4-6 im/min trans-
port rate in the terminal bronchioles if the tracheal
mucus transport rate is 5X5 mm/min. It is known from
in vitro studies26 that mucus transport rates in distal
generations are slower than the rate in the trachea.
The predicted decrease of transport rates in propor-

tion to surface area is only a means to represent the
transport rates, which in turn give reasonable agree-

ment between predicted and experimentally
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Fig 9 Model prediction offraction of deposited
particles in alveoli (solid line) compared with alveolar
deposition data (triangles) as a function of particle size
gathered by Lippmann et al.25 Horizontal axis is mass
median aerodynamic diameter above 0.5O m and mass
median diameter below 0.5 gm. Aerosols were inhaled
with an average inspiratory flow rate of 467 cm3/s and
tidal volume of 1000 cm3.
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measured clearance curves.'7 If the decrease in rates
is not this dramatic, figs 5 and 6 would show a relative
increase in concentration and dose in the large
airways.
The predictions of alveolar retention are based on

measurements of alveolar clearance. Most studies of
alveolar clearance in man have found a long-term
phase that lasts anywhere from a few days to over
1000 days.' 1510 This range may be due to differences
in the physicochemical properties of the particles.
The long-term retention half time of inhaled iron
oxide particles has been found to equal 68 (±5)
days.27-29 This retention half time was chosen as a
suitable intermediate value to illustrate the model.
The short, 24-hour half time alveolar clearance phase
was chosen since this phase has been observed in
association with measurements of longer clearance
times. Evidence exists'8 that this rapid clearance may
be due to macrophage engulfment and transport
toward the mucus blanket. Consistent with these
views, 60% of alveolar deposited particles were
assumed to clear by slow processes and 40% by a
rapid phase. The particles that clear by the slow
processes are assumed to be transported directly into
the blood and lymph. Since little is known of the
detailed kinetics of particle transport in the alveoli,
the rapid phase of clearance is viewed as a two-step
process in which particles are first transported
directly from the alveoli to the terminal bronchioles,
and then are removed by mucociliary clearance
toward the trachea. The question of transport from
one alveolus to another is avoided. This simplifica-
tion probably causes a small underestimation of dose
and concentration in the respiratory bronchioles.
The apparent discontinuity between surface con-

centration in generations 15 and 16 is due primarily to
the vast difference in clearance half times between
the two generations, to the assumption that muco-
ciliary transport suddenly stops at generation 15, and
to the symmetric nature of the Weibel model which
sets the respiratory bronchioles at the same distance
from the trachea regardless of their location within
the lungs. In reality there is probably still a consider-
able increase in retention in the regions of the
respiratory bronchioles, though the increase may be
more gradual between the ciliated and non-ciliated
airways.
The effects on long-term retention of variations in

alveolar clearance are straightforward. Longer reten-
tion half times result in longer times to achieve
equilibrium, higher equilibrium retention, and
higher concentrations and doses to the alveolar
spaces. Particle size and breathing pattern will alter
the magnitude of the equilibrium retention according
to the dependence of deposition on these factors.
Figures 5 and 6 show the effects of particle size and
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breathing pattern. The larger the particle size and the
higher the flow rate, the more peaked the surface
concentration and integrated dose distributions will
be in the vicinity of the large airways.
The results shown in figs 5 and 6 represent the

distribution of particle number concentration and
integrated dose assuming identical particle number
concentration in the inspired air. If the same number
of particles are deposited from each breath regardless
of their volume, however, the surface mass con-
centration of deposited 10 ,um particles will be five
orders of magnitude larger than the 0-5 p.m case.
Similarly, if the same mass is deposited in each breath
for all cases, the surface number concentration of
deposited particles for the 10 p.m case will be three
orders of magnitude smaller than the 0O5 p.m case.
Since the effects of an inhaled aerosol may depend on
either surface number concentration or surface mass
concentration, these differences should be kept in
mind.
These calculations suggest that long-term inhala-

tion of toxic particles will produce its major effect on
respiratory bronchioles. Should the mucus transport
mechanism be impaired, however, the site of highest
risk could easily shift from the respiratory bron-
chioles to the large airways. Calculations show that a
tenfold decrease in transport rate would increase the
surface concentration in the large airways to levels
equal to that in the respiratory bronchioles.
The pattern of surface concentration at equilib-

rium can be contrasted with that after an acute
exposure in which Gerrity et aP' calculated that the
highest surface concentration occurs at generation 3.
Equation 21A, though, predicts that the time-
integrated dose of an acute exposure numerically
equals the surface concentration at equilibrium of a
continuous exposure divided by the breathing fre-
quency f. Since the reactivity time of inhaled toxins is
important in assessing the health effects of inhaled
particles, the actual patterns of risk in the living lung
may lie between the acute and continuous surface
concentration patterns of the model.
The total lung burden at equilibrium is predicted to

be 9% of the total number of particles deposited
continuously in one year. An intermittent exposure
(simulating an occupational exposure) over a 25-year
period is predicted to result in a whole lung retention
that is 1.5% of the total number of particles entering
the lung during that time. The ashed lungs of workers
exposed to silica have been found to retain 2%-5% of
their total occupational exposure.'

In summary, the present model of retention is
capable of predicting both whole lung and regional
accumulation and retention of continuously inhaled
particles. Even though only one particle species was
considered, the model is applicable to a wide range of

particle types and sizes. The calculated whole lung
equilibrium burdens are consistent with the sparse
experimental information available. The kinetics of
retention in the model predict that the large airways
and respiratory bronchioles are most likely to evince
physiological or pathological responses to continu-
ously inhaled particles. This may also account, in
part, for the focal nature of many pulmonary
diseases.
Although this model uses many assumptions and

complex calculations, it is based on the best available
data on particle deposition and clearance and thus
represents a rational approach to the problems of
lung dosimetry of inhaled particles.

Appendix

We first consider pathway "a". The retention of
particles in each ciliated airway generation depends
on the rate at which particles enter the generation
from distal generations and from the external envi-
ronment. The retention also depends on the rate at
which particles are transported from the generation
on the mucus blanket. The net rate of change of
particles in generation a due to deposition in genera-
tion 13 is given by the following differential equation:

-A,, Na(t)

dNt -)aNa(t) + fR,
dt

A

0

(ox < fl < 15)

(x = fl < 15)

(all other a, fl)
(1A)

where Xa = vala, l is the length of an airway in
generation a, f is the respiration rate in breaths a
minute, and Rp is the fraction of particles deposited
in generation 13 during one respiratory cycle. This
equation is an adaptation to continuous deposition
and clearance of an equation derived by Lee et all7 for
mucociliary clearance of acutely deposited particles.
The part of eq 1A that governs the rate of change of
particle number for the case of a < 13 states that the
net rate of change is the difference between the rate
at which particles enter from distal generations by
mucus transport and the rate at which particles leave
by mucus transport. For the case of a = 13, the rate is
governed by the rate particles leave by mucus trans-
port and the rate particles enter by deposition. The
case a > 13 is merely a statement that all particles are
transported cephalad. Fundamental to eq 1A is the
idea that the rates of particle entry and exit are
proportional to particle number. It should also be
emphasised that eq 1A and subsequent equations are
approximations. The initial conditions for eq 1A are

N' (0) = 0 (all a, ) (2A)
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Gerrity, Garrard, and Yeates

With these initial conditions, eq 1A has the solution
0 0

R0{z (e-Axt - e At) I' Ak(Gk - A) +I( e
j =at+ I k=a

f (k j)
N^p(t) = Ta R.(I - e-Aat)

0

(ai < ,B < 15)

(ae = P)

(all other a, X)

For pathway "b" the net rate of change of particles in
generation a due to deposition in generation , is
given by

oN o(t) (bi 15, > 15)

dNb (t) + A,g+ 1 Not1,(t
adl() A-1Nb(t) + 0)4fR, (ci =

,B > 15)
dt I

0 (all other cx, )

(4A)

This equation has the same form as eq 1A except that
when a > 15, Xa is the clearance constant of the rapid
component of alveolar clearance equal to 4*8 x 10-4
min-'. The deposition term in eq 4A is multiplied by
0*4 since this is the fraction of deposited particles
cleared by the rapid component. With the same

initial conditions given by eq 2A, the solution of eq
4A is

16 16

R,{ (ecc - e it) HI Ak(Ak
j=i+l k=a

Nuo(t) = , R. (1 - elt) (k.j)

O

Equation 5A is similar to eq 3A except that the
summation and product extend only to 16 rather than
to P3. This results from assuming that particles in any
alveolar generation move directly to the terminal
bronchioles without passing through any intervening
alveolated generations.

Finally, the governing equation for the rate of
change of particles deposited in the alveolated gen-
erations and cleared by the slow component of
alveolar clearance is

dNC0(t) f ANc(t) + 0 6fR, (a = > 15)

dt 0 (all other c, ,B)
(6A)

{0.6fRa (1 eAat)

Neo(t) = Aa

0

(a = ,B > 15)

(7A)
(all other a, ,B)

The retention of particles as a function of time in any
generation a due to all pathways is obtained by
summing over all , > a:

23

Na(t) = E {NII (t) + Nb(t) + Ne (t)} (8A)
*=P

Total lung retention as a function of time is then
obtained by summing over a:

23
Ntot(t) = E NI(t)

at=0

Aj)-' + (1 - e-"-')}

(a = p > 15) (5A)

(all other a, D

With these solutions for the retention of continu-
ously inhaled particles, we can calculate other
quantities which give a measure of the exposure of
the lung regionally to particles. The simplest quantity
to calculate is the surface concentration of particles as
a function of time. This is given by

C.(t) = N,(t)/A (1OA)

where A,, is the surface area of generation a cal-
culated using the dimensions of the Weibel model.
The number of particles per unit surface area that

pass over the tissue in generation a in a time t is given
by the following integrated dose:

where A,. is the clearance constant of the slow
component and equals 7-1 x 10-6 min-'. With the
same initial conditions given by eq 2A, the solution to
eq 6A is

Da(t) = f C,,(t)dt (11A)
0

(3A)
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(9A)

- (ce K, 1 5, p > 1 5)
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A mathematical model ofparticle retention in the air-spaces ofhuman lungs

For pathway "a" the integrated dose is:

,A,t
15

A tf I e - I\ 'J r~- Ie Jt 1
DI (t) = A A {R, (t +At R)E ' (

13=2x+1 j=a+l13AA A A

XJ7( - Af2 + t +
e

} (a < 15)
k=a
(k .j)

For pathway "b" the integrated dose is
23

ER;,
ig=16

16 16

{~ (e -1el A."- 1) ij ,-
j=x+1 k=a

(k . j)

eact -1
+ t + A

R+(e A"- I)

For pathway "c" the integrated dose is

DC(t) O6fR2e=Xt - 1)
A~A, A (14A)

One of the results of this model is the feature that
during a continuous exposure the rate of particle
clearance from the lung approaches the rate of
particle deposition. When this occurs, the total
number of retained particles in each generation
reaches a constant which is calculated by allowing
t-*oo in eqs 3A, 5A, and 7A. The resulting equilib-
rium retentions are

15

Nfo(t a)y (a < 15)
9 =%

for pathway "a",

(1SA)

hand, increase linearly with
asymptotic expressions are

15

Da(t -+ o)
ft

R

Li a

for pathway "a",
23

ERaz
13=16

Db(t _+ cc) -
04ft

a

Re
for pathway "b", and

time as t-- oo. These

(a<s 15) (18A)

(oa K 15)

(19A)

(a > 15)

23

0b4f Rp
No(t AMA i8=16

Ra

for pathway "b", and

N'(t -oo) =
06fR

NM A

(ae < 15)

(a > 15)

(cx > 15)

for pathway "c".
Similarly, the particle surface concentration

an equilibrium. The integrated doses, on the

D'(t -+ Oo) 6fRat
a ActA (ac > 15) (20A)

(16A) for pathway "e".
It is also interesting to note the integrated dose

over all time from an acute deposition equals the
equilibrium concentration divided by the breathing
frequency-that is,

(I17A) Dacute (t -+ cc) acute (t)dt = C2, (t oo)/f

0

(21A)
s reach
v other where C"cute (t) is given by Lee et al.17

129

e-A.t- I
AIX

(12A)

D 0\-04fb (t) = -A-Dt aAx (ac < 15) (13A)

(a > 15)
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